REASONING UNDER UNCERTAINTY:
FUZZY LOGIC
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What Is Fuzzy LLogic?

What Is FUZZINESS?

According to OXFORD DICTIONARY, FUZZY
means

Fuzziness IS deterministic uncertainty

FUZZINESS IS concerned wWithi the degree e
WhICAIEVERISIeCCURAIERtIaRAENIKElINGEHG]
AEIFOCCUENCEN(PIeRaRINIGY)




What Is Fuzzy LLogic?

For example:

ihe degree te Which a pPersoen IS yeung Is a fuzzy.
eventrather than a randem event.

SUPPOSE Yyou have been in a desert for a week witheut
a drink and you came upen a bottle' A and B, marked
with the fellowing infermation:

P(A belongs to a set of drinkable liguid) = 0.9
uBlinifuzzy set of drinkable liguid'= 0.9

Which one woeuld you choose?



What Is Fuzzy LLogic?

Seme unrealistic and realistic guotes:

Q: How was the weather like yesterday i San
Fransisco?

Al: Ohl'The temperature was -5.5 degrees centigrade
A2: Ohl It was really cold;

AL: You should start braking at 30% pedal level when
you are 10/m from the junction.

A2: You should start braking slowly When you are near
the junction.



What Is Fuzzy LLogic?

EXPErt rely on commoen SeNse to solve problem.

This type of knowledge exposed When expert descrilbe
preblemwithiVagUu e LENNS.

Example oifVagUe tENNS:
Whenitis really/guite net ...
IfFa persen Is Very tall he's suitable for'...
Only very'small persen can enter inte that'hole
| zinp) ejLies ortlp)el
VI Azizi drive QIS car moderately iast

HoOW. can We represent and reasen With Vague terms in
a computer?



Brief History of Fuzzy Logic

1965 Seminal paper by Prof. Lotfi Zadeh on fuzzy Sets

1966 Fuzzy Legic (P: Marnnoes BellflLalhs)

1972 Fuzzy measures (M. Sugeno, TIT)

1974 Fuzzy lLegic Control (E-H. Mamdani; Lendon, Q. Many)

1980 Contrel'ofiCement Kiln (F.LL.. Smidt, Denmark)

1987 Autematic Train ©Operation for Sendai Subway, Japan (Hitachr)
1988 Stock Trading Expernt System (Yamaichi Security)

1989 LIFE (Lalk:. For Intll Fuzzy Eng.) Japanese provides US70m on
Fuzzy.

Research
1989 Eirst Fuzzy Legic air-conaitioner
1990 First Fuzzy Logic washing machine

1990 Japanese companies develop fuzzy logic application in a big
way.
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Current Applications ofi Fuzzy Logic

s Camera aiming for telecast of spoerting events

s EXxpert system for assessment ofi Stock exchange activities
s Efficient and stable controel ofi can-engines

s Cruise control for autemohiles

s  Medicinetechnelegy: cancer diagnosis

s Recoegnition off hand-written symbels with pecket computers
s  Autematic metoer-control for Vacuum cleaners

s Back light contrelfor camecorders

s Single buttenrcontrol fer washing machines

= Flight aids fer helicopters

s Contrelling of subway: systems In erder to impreve drving
comiort; precision halting and pewer ecenemy.

s Improved fuel-consumption for automobiles



Current Applications ofi Fuzzy Logic

EXpert systems also utilised fuzzy legic since the
demain Is eiten Inherently fuzzy.

Seme examples:
dEeciSIon SUPpPOort systems
fimancial planners

diagnesing systems for determining seykean
pathoelogy

a meteoroelogicall expert system inrChina for,
determining areas In which te establisih rukhber
tree orchards



Current Applications ofi Fuzzy Logic

THE SENDAI SUBWAY SYSTEM

FIrst Proposed in 1978

Granted Permission to operate in 1986 after 300,000
Simulations and 3,000 empty: runs

Improved stop pesition by 3X

Reduced power setting by 2X

Tlotal pewer use reduced by 10%

Hitachi granted contracts for Tokyoe subway: in 1991



Current Applications ofi Fuzzy Logic

AIR CONDITIONER

Initialfdesign in April 1988
Simulation 1n Summer. of: 1998
Preduction in Octeber 1989

IHeating and Cooling times reduced by 5X
Tlemperature Stability Increased by 2X
Tiotal pewer savings of 24%

Reduced number of Sensor



Overview of Fuzzy Logic

Study: mathematical representation ofi fuzzy: terms such
as old, tall, heavy: etc.

This term don't have truth representation. I.e. truth or
false 0,41}

But, have extended truthvalues terall real numibers
N the range off values 0to -

This real nUmMBers are used to represent the
POSSIbIlIty that'a given statement IS true or false.
(Poessibility: Theorny)

Example:

TThe possibility that a persen 6it tall s really tall'is
set 10 0.9 1.e. (0:9) signify that It 1S Very likely that
the person is tall.



Overview of Fuzzy Logic

Zadeh (1965) extended the work and brought a
collections off valuables concepts ferworking with
filzzy terms called Fuzzy 1LogiC.

Definition of Fuzzy l_ogic

A branch oflogic that Uses
N SELS rather that a strict true/false membership




Overview of Fuzzy Logic

Linguistic \Varables

[Fuzzy terms are called inguistic Variables: (or uzz)
\/ali 2ol ES)

Definition ol Linguistic \Varable

Tlerm used in our natural language te descrilbe seme
concept that usually. has vague or fuzzy, Values




Overview of Fuzzy Logic

Example of Linguistic Varables With Typical \Values

SInguIStic Varianle Iypical Values
flemperature hot, cold

Height short, medium, tall
Welight light, heavy

Speed slew, creeping, fast



Overview of Fuzzy Logic

Poessible numerical values of linguistic variables Is
ozll|ele] UNIVERS = OF DISCGOURS =

Example:

TThe UniVerse of DISCOUrSE for the linguistic varable
SPEeed In R1 IS in the range [0,100mphj:

TThus, the phrase speed s slow: occupies ai section of
the variable's Universe ofiDiscourse. - It IS a flizzy SEL.
(Slow)



Overview of Fuzzy Logic

EUZZY. SEels
Traditional set theory views werldas black and white.
Example like set of young people 1ie. children.

A PErSeN IS either a member or nen-member. Vember
IS given value 1 and nen-member 0; called Crisp Set.

Whereas, Fuzzy lLogic Interpret young people
reasenably using fuzzy;Set.

HOW?.
By assigning mempershipvalues between 0:.and 1.



Overview of Fuzzy Logic

Example:
Consider young people (age <= 10).
[f'person age Is 5 assign membership value 0.9
113, a value o 0.1.

Age = |Inguistic variable
young = one of It fuzzy sets

Other fuzzy sets: old and middle age.



Overview of Fuzzy Logic

Definition: Fuzzy Sets

Let X e the universe of discourse, With elements efi X
deneted as x. Atfuzzy set A IS characterised by a
memBership: w,(x) that asseciates each element x with
degree off membership value mrA.

Prekalility theeny relies en assigning prekabilities te given
event, Whereas Fuzzy legic relies on assigning vValues to
gIvVen event X using mempersnipiunchon:

uA(X): X —> [011]
This value represent the degree (possibility) terwhich
element x belengs te ftuzzy set A.

A(X) =tDEQTEEHXIETAY
Membership values is bounded by:
0 =< p(x)=1




Overview of Fuzzy Logic

F1g.1: Fuzzy and crisp Sets of young people

Membership 0.5
Value




Overview of Fuzzy Logic

[FUzzy Versus crisp: sets

Short Medium Tall Short Medium

Crisp sets

FIGURE 2.3: Fuzzy vs. traditional set membership.




Overview of Fuzzy Logic

APPROVE APPROVE

Loan
amount

Income Income

(a) Simplistic loan approval (b) Loan approval is not precise

FIGURE 2.4: Fuzzy classification.




Overview of Fuzzy Logic

[FuUzzy, rules represented in expert systems:

R1: IF SPEE
THEN make the acceleration

R2: IF NIEmpEatune
AND PIESSUIE
THEN"  Make the speed

= thewater (lEMpEeraiure)
THEN  add off cold water (amouint)
Fact:  The water
Conclusion: Add a cold water



Overview of Fuzzy Logic

T'he difference between classical and fuzzy rules:
IF-TIHENIusing binary: legic:

R1: IF  speedis > 100

TIHEN stopping distance'is long
R2: IF  speedis <40

TIHEN stopping distance is short

IE-THEN using fuzzy. legic

R1: IF  speed s fast

THEN stopping distance IS long
R2: IF  speed s slow

THEN stopping distance is short



Ferming Fuzzy Set

HOW. te. represent fuzzy, Set In Computer??
Need te define itsTmempersnip function.
One approeach Is;

\Viake a poll to'a group of people Is ask them ofithe
fUzzy termi that we want te represent.

[For example: The termitall persoen.
What height ol a given; person IS consider: tall?

Need to average out the results and use this function
[0 associate membership value to a given indiviaual
height.

Can use the same method for other height description
such as short or medium.



Ferming Fuzzy Set

F1g. 2: Fuzzy Sets on Height

1

Membership 0.5

Value

0
4 5 6
Height in Feet

FIGURE 13.2 Fuzzy sets on height.




Ferming Fuzzy Set

Multiple fuzzy sets on the same universe ofi discourse
are refers to as Fuzzy SURSELS.

Thus; membership value of a given ebject will lbe
assigned to each set. (refer to fig. 2)

Individual'withrheight 5.5 1S’ a medium persen with
membership value 1.

At the same time member ofi short and tall' persen with
membership value 0.25.

Single ehbject Is'a partiallmember ofi multiple sets.



Exercise

Define some typical fuzzy, varables

Define typical fuzzy: sets for the fuzzy vaniables:
. llemperature

I, Welight

. Speed

Define the universe of diISCoUrSe for flizzy Sets in
(b):

Draw each fuzzy set defined i problem ().



Fuzzy Set Representation

How do we represent fuzzy, set formally?

ASSUmEe we have universe of discourse X and a
fuzzy, set A defined on it.

XS XA EXZXSIXAIX G XN |

[FUzzy Set A defines the memnpership function L, (x) that
Mmaps elements xi of X' to degree offmembership in

10,4].
A= el 212 218 )
Where

el SRA(X1)

For clearer representation, includes symbol “/” which
associates membership value ai with xi:

A = {al/x1.a2/x2....an/xn}



Fuzzy Set Representation

Example: (referfig. 2)
Consider Fuzzy. set of tall, medium and short people:
TALL ={0/5, 0.25/5.5, 0.7/6, 1/6.5, 1/7}
MEDIUM =10/4.5, 0.5/5; 1/5.5, 0.5/6, 0/6.5}
SHORT ={ }



Hedges

\We have learn how te capture and representing vague
liInguIstic term using fuzzy, Set.

Innermal conversation, We add additional Vagueness
Py USINg a0 VENNS sueh as:

very, slightly, or-somewhnat..
What IS adVern 2?2

A wWord that moeaifies aVerp, an adjective, another
adverh, or whole sentence.

Example: Adverh modifying an adjective.
e personiis very tall



Hedges

How. do,We represent this new: fuzzy: set??
Use a technigue called HEDGES.

A el e modifies mathematically: an existing fuzzy. set
(0 account for seme added adveri.



Hedges

Fig. 3: Fuzzy sets on height with ‘very’ hedge

1

Membership |
Value 05

Height in Feet




Hedges Commonly Used In
Practice

Concentration (\Veny)

Further reducing the membership values of those
element that have smaller membership values.

Mconay (X) = (HA(X))?
Glven fuzzy set ofitall persens, can create a new: set of
very tall person.

Example:
Trall = {0/5, 0:25/5.5, 0.76/6, 1/6.5, 1/7)
Very tall ={ /5, /5.5, /6, /6.5, [7}




Hedges Commonly Used In
Practice

Dilation (somewhat)

Dilates the fuzzy elements by Increasing the
membership values with small membership values
More than elements with Righ membership values.

LpiL(a) (X) = (Ra(X))2°

Example:
Tall = {0/5, 0.25/5.5, 0.76/6, 1/6.5, 1/7}
somewhat tall. ={ /5, /5.5, /6, /6.5, [7}



Hedges Commonly Used In
Practice

Intensification (Indeed)

Intensiiying the meaning of phrase by increasing the
membership values aboeve 0.5 and decreasing these
pelow 0:5.

MinTea) (X) = 2(pa(X))? for 0 <p,(x) 0.5
=1-2(1- un(x))? for 0.5 <pu,(x) <1

Example:
short = {1/5, 0.8/5.5, 0.5/6, 0.2/6.5, 0/7}
Indeed short ={ /5, /5.5, /6, /6.5, [T}



Hedges Commonly Used In

Practice
RPower (\Verny:Veny)

EXxtension of the concentration eperation.

Hpow(a) (X) = (pa(x))"

Example:
Create fluzzy set of very very tall'persen with n=3
Tall = {0/5, 0.25/5.5, 0.76/6, 1/6.5, 1/7}

Very verytall={ /5, /5.5, /6, /6.5, [7}



Fuzzy Set Operations

Intersection

In| classical set theorny, Intersection ofi 2 Sets contains
elements common te beth.

Inifuzzy sets, an element may. be partially in both sets.

LURAE (O S (RO (X9 PR (X9 BVAXSEX
Example:
Tall  ={0/5;0.2/5.5, 0.5/6, 0.8/6.5, 1/7}
Short: = {1/5, 0.8/5.5, 0.5/6, 0.2/6.5, 0/7}
Htall'a short =
Tiallland short can mean medium
Highest at the middle and lewest at both end.




Fuzzy Set Operations

Union

Unien of 2 sets IS comprised of those elements that
pelong to ene or hoth Sets.

PUAUE RO = X (X9 PRI ((X9) BVAXSERX

Example:

Trall = {0/5, 0.2/5.5, 0.5/6, 0.8/6.5, 1/7}
Short = {1/5, 0.8/5.5; 0.5/6, 0.2/6.5, 0/7}
Hiall v short =

Attains 1ts highest vales at the limits'and lewest at the
middle.

Tall or short can mean not medium




Fuzzy Set Operations

Complementation (Not)

Findicomplement —A by using the follewing eperation:
p~A (X) = 1 - pa(x)
Example:

Short = {1/5;0.8/5.5; 0.5/6, 0.2/6.5; 0/7}
Notshort ={ /5, /5.5, /6, /6.5, [/}



Fuzzy Inference

FUZZy pProposition: a statement that assert a value for
some linguistic variable such as ‘height is tall”.

Fuzzy RUle: Rule that refers to 1 o more fuzzy.
variable in its conditions and single fuzzy varable n its
conclusion.

General form: IF X'is A THEN Y Is B

Specific ferm: | height Is tall THEN welght s heavy,

Association ofi 2 fuzzy sets are store in matrix M called
Fuzzy Associative Memory (FAM)



Fuzzy Inference

Rules are applied to fuzzy variables by a process
called propagation. (INfErence Process).

When applied; It looks for degree ofimemibership in the
condition part and calculate degree off membershipin
the coenclusion part.

Calculation depends upoen connectives: AND, OR or
NOIT.



Fuzzy Inference

A fuzzy Legic pregram can e VIEWed as a 3'Stage Process:
15 Euzzification
e crispivalues imput are assigned to the apprepriate nput

Uzzy variables and cenverted te the degree of
MemMBErsnIp.

2. Propagation (Inference)

Fuzzy rules are applied o the fuzzy vanables Where
degrees of membership computed inthe condition part are
propagated to the fuzzy vaniables in the cenclusion part.
(max-min and max-product imference)

3. De-fuzzification

The resultant degrees of membership for the fuzzy.
variables are converted back inte crisp values.



Fuzzy Inference

w Propagate w

TN SR A WY rrwl
lemperalure throttle i

posilive_large

pos:live_medium

positive_small

pressure




Fuzzy Inference (Example)

Assume 2 cars travelling the same speed along a straight read. The
distance between the cars becomes ene of the factors for the secend
diver: to brake his car te aveid collision. The fellewing rule: might be tused
Py the secend drver:

I the distance between cars IS veny: small
AND: the speed of car s high
THEN “brake very hard for speed reduction.

= distance between cars is slightly leng

AND"  the speed of car IS not teo low.

THEN brake moderately hard te reduce speed
ldentify:

Linguistic variables:

Fuzzy subsets:

Connectives:

Hedges:



Fuzzy Logic Controllers (FLC)

Fuzzy lLegic Contrellers are build up from 4
main compenents:

FuUZzZIlier

FUZZzy InfErENCE ENQINE

Defuzzifier

Rule base



Fuzzy Logic Controllers (FLC)

fuzzy

d 6o
To umbeﬁmﬁer

4

~ | membership functions
rules |

Rule-base




Exercise



